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Abstract: It is shown that in addition to its advantages for nonlinear and/or stochastic differential equations [1,2], the 
decomposition method may be preferable even for equations, such as linear deterministic ordinary differential 
equations which are easily solvable by well-known methods in integral form because the evaluations of the integrals is 
easier. It is also shown that since solutions of differential equations are easily obtained by decomposition, it can be 
convenient to change a difficult integration problem to an easily solved differential equation and consequently 
evaluate the integral in an easily computed convergent series. 
The fact that the decomposition method [1,2] is an approximation method may suggest that it 
is to be considered only when analytic solutions are not available in differential equations. This 
is not so for several reasons. First of all in the nonlinear case, decomposition requires no 
smallness assumptions or linearization techniques hence in many cases, the solution more closely 
corresponds to the actual physical solution. (In stochastic, linear or nonlinear equations, 
decomposition is superior to other methods since it requires no smallness assumptions, unrealis- 
tic delta-correlated process assumptions, or closure approximations.) Even in linear deterministic 
equations easily solvable by other methods, decomposition may offer advantages in carrying out 
integrations. As a simple example for clarity, consider the elementary equation: 
y’ = 1 - 2xy, y(0) = 0. 
Since the integrating factor is exp( /P dx) = exp(x2) we have 
y(x) = eCx2ixef2 dt, 
So, in this case and in many such cases, one has to calculate an integral not expressible in terms 
of elementary functions nor adequately tabulated. 
Let us consider this example by decomposition. In the standard form [1,2] for linear equations, 
we have 
J%+&Y=g(4, Ly=g-Ry 
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where in this example L = d/dx, g = 1, R = 2x. L-’ = jO[.] dx hence L-‘Ly -y(O) =y since 
y(0) = 0. Therefore, 
y = L_‘[l] - L_‘(2x)y. 
Let Y=CF=~Y, then 
y=L_‘[l] -L_‘(2x) Ey,, ya=L_‘[l] =x 
n=O 
and 
Y, = -L-‘(2x)Y,-,, 
for n > 1. Consequently, 
y, = - L-l(2x) y, = -2x3/1 * 3, 
y, = - L-‘(2x) y, = 22x5/1 * 3 * 5, 
y, = - L_‘(2x)y, = -23x7/1 * 3.5 * 7, 
y, = (-1)“2”x ‘~+$.lo(2P + 1). 
Thus /; et* dt = ex*y(x), with y(x) given by 
y(x) = 5 ( -l)“2”xz”+1,Peo(2p + 1) 
n=O 
which is much easier to evaluate. Convergence has been demonstrated for the linear case in [l] 
and the nonlinear case in [2]. Since ] y,+ Jy, 1 = 1 x2 1 /(n + $), the series is convergent every- 
where. (For sufficiently small x, it converges rapidly but is not convenient to sum for large 
values.) 
Differential equations are generally considered solved when reduced to integrations. However, 
integrations are not always trivial. Since differential equations are solved easily with decomposi- 
tion, let us consider ‘reducing’ integrations to differential equations as a matter for investigation. 
Consider 
y = e-f(x) 
1 
f=xef(t) dt 
t=o 
where y is a solution of 
Y’= -k!f(x)/dx]y, y(O) =O. 
Let y = C~==, y,. Thus 
co 
/ 
r=Xef(t) d  = ,f(x) c yn. 
t=O n=O 
Solving for the y,, by solving the differential equation by decomposition, we evaluate the integral 
as a convenient convergent series. 
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For many equations a common procedure is 
integral solution 
y(t) = /G(t, T)!(T) dr 
e.g., for the damped harmonic oscillator 
d2y/dt2 + 2 dy/dl + o;y =f( t)/m, 
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to determine a Green’s function and write an 
we have 
G(t, T) = (l/w) exp{ -A(t - T)} sin w(t - 7). 
However, it is far easier to get a decomposition solution for the oscillator than to evaluate the 
Green’s function integral directly. This is so because we use a simpler kernel in the decomposi- 
tion. The Green’s function has effectively been decomposed into components yielding simpler 
integrals. Thus it appears that in some cases complicated integrals may be solved more easily 
than by usual numerical methods if such relationships are utilized. 
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